AFFINE QUANTUM SCHUR ALGEBRAS AT ROOTS OF UNITY 



QIANG FU 

Abstract. We will classify finite dimensional irreducible modules for affine quantum Schur 
algebras at roots of unity and generalize [171 (6.5f) and (6.5g)] to the affine case in this paper. 



1. Introduction 

Finite dimensional irreducible modules for quantum affine algebras U v (q) were classified by 
Chari-Pressley when v is not a root of unity in [5j El [7] . In the case where v is an odd root of 
unity, finite dimensional irreducible modules for U v (q) were classified by Chari-Pressley in [8]. 
Frenkel-Mukhin |14| generalize Chari-Pressley's result to all roots of unity case. 

Finite dimensional polynomial irreducible modules for quantum affine Ql n were classified by 
Frenkel-Mukhin in [13]. The representation theory of quantum affine g[ n is closely related to 
that of affine quantum Schur algebras. The affine quantum Schur algebra was introduced by 
Ginzburg-Vasserot and Lusztig (cf. [16\ I22j). which uses cyclic flags and convolution. The 
algebraic definition of affine quantum Schur algebras was given by R. Green in [18] . Varagnolo- 
Vasserot [25] proved that the two definitions of affine quantum Schur algebras are equivalent. 

Let U A (n) v be the quantum affine algebra over C(v) considered by Lusztig in [22], where v is 
an indeterminate. Note that the algebra U A {n) v is a proper subalgebra of quantum affine g[ n . 
Let Cr be the natural algebra homomorphism from U A (n) v to the affine quantum Schur algebra 
S A (n, r) v over C(t>) (see [22t 7.7]). Let U A {n : r*) v — Cr(U A (n) v ). According to |22| 8.2], the equality 
U A (n, r) v = S A (n, r) v holds if and only if n > r. 

Let S A (n,r) z be the affine quantum Schur algebras over Z and let U A (n,r) z be the Z-form of 
Ujn,r) v , where Z = C[v,v~ 1 ]. For any t £ C*, let S A (n,r) t = S A (n,r) z ® z C and U A (n,r) t = 
U A (n,r) z ® z C, where C is regarded as a Z-module by specializing v to t. Finite dimensional 
irreducible modules for S A (n, r) t and U A (n, r) t were classified in [10] when t is not a root of 
unity. In this paper, we will classify finite dimensional irreducible modules for the two algebras 
S A (n, r) e and U A (n,r) e in the case where e € C is a primitive Z'-th root of 1. Furthermore, we 
will generalize [TTJ (6.5f) and (6.5g)] to the affine case. 
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We organize this paper as follows. We recall the definition of quantum affine gl n , the affine 
quantum Schur algebra 5 A (n,r) £ and the algebra U&(n,r) £ in §2, where e £ C is a primitive 
I'-th root of 1. In §3, we will construct a functor G £ : S&(N, r) e -mod — > <S A (n, r) £ -mod, where 
5 A (n, r) £ -mod is the category of finite dimensional S A (n, r) e -modules. Furthermore we will gen- 
eralize |17[ (6.5f)] to the affine case in Proposition 13.51 and Proposition 13.61 Finally we will 
classify finite dimensional irreducible U A (n, r) e -modules in Theorem 14.71 an d use Proposition 
13.51 Proposition 13.61 and Theorem 14.71 to classify finite dimensional irreducible modules for the 
affine quantum Schur algebra 5 A (n, r) e in Theorem l4.81 In addition, we will prove in Proposition 
14.131 that the functor G e : S A (N, r) e -mod — > <S A (n, r) e -mod is an equivalence of categories in the 
case where N ^ n ^ r. This result is the affine version of [171 (6.5g)]. 

Throughout, let v be an indeterminate and let Z = C[u,-u -1 ]. For c £ Z and t G N let 



v — v 



* yC—S+1 _ C+S— 1 



r. Ml- nii- -n . ",- 



8=1 

Let e € C be a primitive I'-th root of 1. Let I ^ 1 be defined by 

V if V is odd, 



l'/2 if V is even. 



We make C into a Z- module by specializing v to e. When v is specialized to e, [c] v , [t]' v and [£] 
specialize to complex numbers [c] E , [i]^ and [£] respectively. 

2. Quantum affine g[ n and affine quantum Schur algebras 

2.1. The algebras £Zy(gt n ), C4(s[ n ) and U A (n) v . We recall the Drinfeld's new realization of 
quantum affine gl„ as follows (cf. [13]). 

Definition 2.1. The quantum loop algebra U v (Ql n ) (or quantum affine gl ra ) is the C(v)-algebra 
generated by xf s (1 ^ i < n, s € Z), k^ 1 and g^t (1 ^ i ^ n, t € Z\{0}) with the following 
relations: 

(QLA1) k^kr 1 = l = kr 1 ^, [k^k,-] = 0, 
(QLA2) k;x± s = v^-^+^xf^, [k 4 ,g iiS ] = 0, 

0, if % + j, j + 1; 



(QLA3) [ gi , s ,x±] 



±u -i S I^ x ± +t; iii = J . 
TV^4 s+t , if i = j + 1, 



(QLA4) [ giiS ,g i)t ] = 0, 
(QLA5) [x+,x-] = ^.%^K 
(QLA6) x±x± = xj t xj s , for |i - j| > 1, and [x± +1 , xJj v±Clj = -[xj t+1 , xjj u±cy , 
(QLA7) [xj s jx±,xj^] v = -[x±,[x±,xj s y„ for|i-j| = l, 
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where [x,y] a = xy — ayx, and <j)f s are defined via the generating functions in indeterminate u 
by 



± u ±s 



$f(u) := kf exp(±(<; - v- 1 ) K± m u ±m ) = £ . 

with ki = kik^j (k n+1 = ki) and \± m = v^-^gi^m - w ± ( i+1 ) m g i+ i i±m (1 < i < n) 
For 1 ^ j < n, let £j = x+ and Fj = x~ and let 

F n = v k n [■ ■ ■ [[xt_j, x 2,o\i 



For s ^ 1 let zf = sv ±s t^h (gi,±s + ■ • • + gn,±s)- Then the algebra £4(0^) is generated by E{, 
Fi, kf 1 and zf- for 1 ^ i ^ n and s ^ 1. Furthermore, the algebra t/t,(g[ n ) is a Hopf algebra 
with comultiplication A, counit e, and antipode a defined by 

A(Ei) = Ei ® ki + 1 ® A(Fi) = ^01 + kr 1 ® Fj, 
A(kf) = kf ® kf, A(z±) = z± 1 + 1 ® z±; 
e(^) = e(Fi) = = e(z±), e(k { ) = 1; 
a(^) = -Eik-\ a(Fi) = -k^, a(kf) = kf 1 , 
and a(zf) = -zf, 



where 1 < i < n and s G Z+ (cf. [3, 4.7], [19, 2.2] and [EH 2.3.5 and 4.4.1]). 

Let U v (stn) be the subalgebra of U v (gl n ) generated by all xf s , kf and h^. Then U v (sl n ) is 
quantum affine sl n (cf. [3]). Let U A (n) v be the subalgebra of £4(gLJ generated by all xf , kf 1 
and hj i. The algebra U&(n) v is the quantum affine algebra considered by Lusztig in [22] . 

For 1 ^ i ^ n and s£Z, define the elements i2j. s G J7„(£)l re ) through the generating functions 

<2±(w) := exp ( - £ -L^^A = Y^^u ±s G 0* (&)[[«, tT 1 ]]. 

Similarly, for 1 ^ j ^ n — 1 and sGZ, define the elements ^ s £ U v (sl n ) through the generating 
functions 

@>f(u) := exp ( - ^M") = E ^i,±^ ±S G */«(*[»)[[«, 
By definition we have 



[u 



for 1 ^ J ^ n — 1. 
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Let Z = C[v,v 1 ]. Following [SJ, let U z (sl n ) be the Z-subalgebra of U v (sl n ) generated by 
(x± )M, kf 1 , [ kl t ;0 ], (1 < * < n - 1, m,t 6 N, a € Z), where 



(x£) (m) 



and 



k,;0 



' k,-t;- s+1 - krV -1 



n 

s=l 



i; a — tr 



Let f7 A (n)z be the Z-subalgebra of U A (n) v generated by (x±j( m ), k* 1 , [ kj f ;0 ] , ^ i>s (1 ^ i < n-1, 
Kj^n, m,i£H,sS Z), where 



k i; 



* k^"^ 1 - k^ V" 1 
II- 



s=l 



f° — t; 



2.2. Affine quantum Schur algebras. We now recall the definition of affine quantum Schur 
algebras. The extended affine Hecke algebra T-Lt,{r) z is defined to be the Z-algebra generated by 



and relations 



(T i + l)(T l -v 2 ) = 0, 
TiT i+ iTi = T i+ iTiT i+1 , TiTj = TfTi (\i - j\ > 1), 
XiXj 1 = 1 = X i 1 Xi, XiXj = XjXi, 
T t XiTi = v 2 X t+1 , XjTi = TiXj (j + i, i + 1). 
Let & r be the symmetric group with generators Si := (i, i + 1) for 1 ^ i ^ r — 1. Let 
I(n,r) = {(ii, . ..,i r ) £ Z r | 1 ^ ij. ^ n, VA;}. The symmetric group 6 r acts on the set I(n,r) 
by place permutation: 

hi> = {i w ( k ))k&z, for i £ I(n, r) and w G <S r . 
Let Jl z be the free Z-module with basis {uj-i \ i G Z}. For i = . . . , i r ) G 27, write 
Wi = 0% ® Wj 2 ® • • • <gi cj ir = w^o;^ • • • Wj r G Of r . 
The tensor space f2f r admits a right T-L A (r) z - module structure defined by 



&i " X t 1 — UJi 1 ■ ■ ■ U)i t _ 1 LOi t J rn U)i 
,2, 



oji ■ T k = < 



v u- 

VLO- 



is k , 



for all i G Z r ; 
if h = ik+i ; 

if ifc < ifc+i; for all i G I(n,r), 



vu- 1Sk + (v 2 - l)cji, if i k+1 < i k , 



where 1 ^ k ^ r — 1 and 1 ^ i ^ r (cf. [25]). The algebra 



S A (n,r) z := End %(r) ^ (Of n 



is called an affine quantum Schur algebra. 
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Let U v = VL Z ® z C(v), H A {r) v = % A {r) z ® z C(v) and S A (n,r) v = S A (n, r) z ® z C(v). The 
right action of 'H A (r) z on extends to a right action of T~L A (r) v on Qf r . Then we have the 
C(i>)-algebra isomorphism 

S A (n,r) v ^End m(r)v (nf r ). 

Let e £ C be a primitive I'-th. root of 1. We make C into a Z-module by specializing v to s. Let 
U e = Sl z <g> z C, U A (r) £ = U A {r) z ® z C and S A (n,r) £ = S A (n,r) z ® z C. The right action oiH A {r) z 
on fi® r induces a right action of 1~L A {r) £ on Qf r . Then we have the C-algebra isomorphism 

5 A (n,r) e ^End We (fif). 

2.3. The algebras U A (n,r) v and U A (n,r) e . The algebras U v (gl n ) and >S A (n, r) v can be related 
by a surjective algebra homomorphism £ r , which we now describe. The vector space Q v is a 
U v (Q[ n ) -module with the action 

Ei-uj a = S^i^g-t, Fi-uj s = 5i >s U) s+ i, Is.f 1 • uj s = v ±S '-"uj s , 

■ lo s = Lo s -tn, and z t ■ lo s = uj s +tm 

where i denotes the corresponding integer modulo n. The Hopf algebra structure of U v (gl n ) 
induces a f/ t ,(gl n )-module ri® r . According to [TOl 3.5.5 and 4.4.1], the actions of U v (gl n ) and 
7i A (r) v on 0® r are commute. Consequently, there is an algebra homomorphism 

(2.1) Cr : U v (gl n ) -+S A (n,r) v 

It is proved in [TDJ 3.8.1] that ( r is surjective. Every 5 A (n, r)„-module will be inflated into a 
f7 1) (gl n )-module via ( r . 

Let U A (n,r) v = ( r (U A (n) v ), U A (n,r) z = ( r (U A (n) z ), U A (n) £ = U A (n) z <& z C and U A (n,r) e = 
U A (n,r) z ® z C. According to [22j 8.2] the equality U A (n,r) z = S A (n,r) z holds if and only if 
n > r. The intersection cohomology basis for U A (n,r) z was constructed in [loc. cit.] and the 
presentation of U A (n, r) v was obtained in [HI [23]. By restriction, the map Q T induces a surjective 
map Q r '■ U A (n) z — > U A (n,r) z . Thus, base change induces a surjective algebra homomorphism 

(2.2) Cr, £ := Cr ® 1 : U A (n) £ -> U A (n, r) e . 

Every U A (n, r) e -module will be inflated into a f/ A (n) £ -module via Cr,e- Let 

U £ {s\ n ) = U z {sl n )® z C. 

Then by [12, 9.3] we have 

(2.3) U A (n,r) z = Cr(U z {eQ) and U A (n,r) £ = ( r , s (U £ (sln)). 

If x is any element of U z ($l n ) (resp. S A (n,r) z ), we denote the corresponding element of C/ e (s[ n ) 
(resp. <S A (n, r) e ) also by x. 
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3. The functor G £ 

For any algebra B, the category of all finite dimensional left £>-modules will be denoted by 
B-mod. In this section we will construct a functor G e : S A (N, r) e -mod — > S A (n, r) e -mod and 
generalize [TTJ 6.5(f)] to the affine case in Proposition 13,51 and Proposition 13. Q\ which will be 
used in §4. 

3.1. The functors G and G e . For 1 i <; n and t E N let ^ = Cr(ki) and [^f] = CA[ K f]) ■ 
Let A(n, r) = {A e N" Ei<i< n X * = r i- For A G M n , r ) let l A = [*^°] • • • [*xf] • According to 
[101 3.7.4] we have 

(3.1) 1= ^ Ia, IaI m = V 1 a, «i= yXi ^- 

\€A(n,r) XeA(n,r) 

Assume N ^ n. For ^ € A(n,r) let 

/! = (mi,-" - ,Mn,0,--- ,0) € A(N,r). 

Let 

e= J] ^G«S A (iV,r) z . 

/i€A(n,r) 

Then eS A (N,r) v e = S A (n,r) v . Consequently, we may identify eS A (iV, r^e-mod with 
S A (n,r) v -mod. With this identification, we define a functor 

G = Gjv> : <S A (AT, r)„-mod — > S A (n, r) t) -mod, V i — > eV. 

Similarly, we define the functor G £ : S A (N, r) £ -mod — > <S A (n, r) £ -mod as follows. We shall denote 
the image of e in S A (N, r) e by the same letter. Since eS A (N,r) £ e = S A (n,r) £ , we may identify 
eS A (N, r) e e-mod with <S A (n, r) £ -mod. Therefore, we may define a functor 

G £ = Gjv inj£ : <S A (iV, r) £ -mod — > S A (n, r) £ -mod, V i — > eV. 

3.2. Properties of the functor G. We now recall a result about G established in [P3]. Let IT 
be the set of polynomials Q{u) E C(t>)[u] such that the constant term of Q(u) is 1. Following 
|13j . an n-tuple of polynomials Q = (Qi(u), . . . , Q n (u)) with Qi{u) E ILj is called dominant if 
Qi(v l ~ l u)/Qi + i(v %+l u) E C(u)[«] for 1 ^ i ^ n — 1. Let Q,(n)„ be the set of dominant n-tuples 
of polynomials. Let 

Q/n) = {Q E Qj(n)„ | Qniuv" 1 - 1 ) £ C[u], Q i (« i - 1 «)/Q i+ i(u i+1 «) E C[u], fori < * < n- 1}. 

For Q E Q,(n) let degQ = (deg Qx(u), ■ ■ ■ ,degQ„(u)). 

For g(u) = Yii<i< m 0- — a iu) E C(v)[u] with constant term 1 and dj E C(v)*, define 

(3.2) g ± (n)= [J (1-afV 1 ). 
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For Q = (Qi(u), . . . , Q n (u)) G QX n )i define Qi iS G C, for 1 ^ i ^ n and s G Z, by the following 
formula 

where Qf(u) is defined using (13. 2D . Let /(Q) be the left ideal of U v (gi n ) generated by 
x~j~ s , J2i, s — Qi, s , and — v Xi , for 1 ^ j ^ n — 1, 1 ^ i ^ n and s G Z, where Aj = deg(5i(«), 
and define 

M(Q) = ^(0[J//(Q). 

Then M(Q) has a unique irreducible quotient, denoted by L(Q). By [THJ 4.3], L(Q) is finite 
dimensional. Let 

Q,(n,r) = j Q G Q.(n) | ^ degQi(-u) = r\. 

Then by [TOJ 4.6.8] -L(Q) can be regarded as an irreducible module 5 A (n, r) v via the map ( r 
given in (|2.ip for Q G Q,(n,r). 

Assume N ^ n. We define an injective map Q H >• Q of Q,(n, r) into Q,(JV, r) as follows. For 
Q = (Ql(u), ■ ■ ■ ,Q n (u)) G Q,(n, r) we define 

(3.3) Q = (Q 1 («),-" ,Q„(«)iV" ,1) G a(iV,r). 

Then the image of Q,(n, r) under this map is the set 

Q,(n,r) = {Q | Q g Q,(n 5 r)}. 
The following result is established in [151 4.11]. 

Proposition 3.1. Assume N ^ n. Then G(L(Q)) = L(Q) for Q G Q,(n, r). Furthermore, for 
Q' G QXN,r), G(L(Q')) / i/ and on/y j/Q' G Q,(™,r)- 

3.3. The irreducible ^(n, r) e -module V^(Q). For each Q G Q,(n,r) we will use £(Q) to 
construct an irreducible <S A (n, r) £ -module V £ (Q) as below. For X, fi G A(n, r) write /x < A if 
^ Si^jXi for 1 ^ i ^ n. By ([371]) for Q G <Z(n,r) we have 

L(Q)= L(Q) M 

where £(Q)^ = [ M L(Q) and A = degQ. Clearly, dimL(Q)A = 1. We choose a nonzero vector 
wq in L(Q) A and let L Z (Q) = S A (n,r) z WQ. Then L Z (Q) = ffi M eA(n,r)£;s(QV> where L Z (Q) A , = 

t^z(Q). 

Lemma 3.2. Assume N ^ n. Then G(L Z (Q)) = L Z (Q) for Q G Q,(n,r). 



s 
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Proof. By Proposition 13.11 there exist an S A (n, r) ^-algebra isomorphism / : eL(Q) — > £(Q). Let 
A = degQ. By we have f(eL{Q)j) = /(l^eL(Q)) = [ A /(eL(Q)) = L(Q) A . This, together 
with the fact that dimL(Q) A = dimL(Q)^ = 1, implies that there exist k 7^ G C(w) such that 
/(etUq) = /cuiq. Furthermore we have ew^ = el^tOg = Wq since G L(Q)j. Consequently, 
G(L Z (Q)) ~ /(eL z (Q)) = f(eS A (N, r) z ew^) = S A (n, r) z f(w~) = S A (n, r) z (kw Q ) L Z (Q). □ 

Lemma 3.3. For Q G Q,(n,r), L Z (Q,) is a free Z-module. 

Proof. By the proof of [U 8.2] and |14[ 2.5] we see that U z (sl n )wQ is a free Z-module. If n > r 
then S A (n,r) z = U A (n,r) z by [2SJ 8.2]. This shows that L Z (Q) = U A (n) z WQ = U z (sl n )u)Q = 
U z (sl n )wQ, where U^(sl n ) is the Z-subalgebra of U v (sl n ) generated by (x7 )( m ) (1 ^ 2 ^ n — 1, 
m G N, s € Z). Thus L Z (Q,) is a free Z-module. Now we assume n ^ r. We choose iV such 
that N > r. Since N > r, L Z (Q) is a free Z-module. This implies that G(L Z (Q)) is a free 
Z-submodule of L Z (Q) since Z is a principal ideal domain. It follows from Lemma 13.21 that 
L Z (Q) is a free Z-module. □ 

Let L 6 (Q) = L Z (Q) ® z C. Then L £ (Q) = MeA(n/r) L 6 (Q)„, where L^Q)^ = ^L £ (Q). 

Corollary 3.4. For Q € Q,(n, r) and fi G A(n,r) we have dim^) L(Q) = dimcF £ (Q) and 
dim C („) HQ),, = dim c L £ (Q) I1 . 

Proof. By Lemma HO] we have L(Q) ^ £ Z (Q) ® z C(u) and L(Q) M L Z (Q) M ® z C(u). This 
implies that dim^) £(Q) = rank z L z (Q) = dimc£ £ (Q) and dim^) ^(Q)^ = rank z L z ,(Q) M = 
dim c L £ (Q) M . □ 

Let Q G Q,(n,r). According to Corollary 13.41 we have dimc£ £ (Q)A = dimjv-y) L(Q)a = L 
where A = degQ. Thus L £ (Q) has a unique finite dimensional irreducible quotient 5 A (n,r) £ - 
module, denoted by V £ (Q). 

3.4. Properties of the functor G £ . We are now ready to prove in Proposition 13.51 and Propo- 
sition [3?6] that the functor G £ enjoys similar properties as the functor G. These results is the 
affine version of \17\ (6.5f)]. 

Proposition 3.5. Assume N ^ n. For Q G Q(N,r), G £ (V £ (Q)) ^ if and only i/degQ G 
A(n, r), where A(n, r) = \]x = (/xi, • • • , ii n , 0, • • • , 0) | fj, G A(n, r)} C A(A r , r). 

Proo/. Let Q G Q,(N,r) and A = degQ. If A G A(n,r), then el A K(Q) = (aK(Q) 7^ 0, and hence 
e ^e(Q) 7^ 0- Now we assume eV e (Q) ^ 0. Since 1 = Y,aeA{N,r) Ia > 

eK(Q) = e l a V £ (Q)= feK(Q). 

aeA(jV» aeA(n,r) 
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This together with the fact that eV^(Q) 7^ implies that there exists a 6 A(n,r) such that 
fe^e(Q) + 0. Since l 5 V £ (Q) / 0, we have a < A and, hence, r = ^ 1<i<n Q!j ^ Ei^n A * ^ r - 
Therefore, A G A(n,r), as desired. □ 

Proposition 3.6. Assume N ^ n, and let Q 1— > Q 6e i/ie injective map from Q,(n, r) into 
Q.(iV,r) 5 tt/en in ([331). 77ien G £ (L £ (Q)) ^ L e (Q) and G e (V £ (Q)) ^ V e (Q) /or Q G Q,(n,r). /n 
particular we have dime V^(Q) M = dime ^e(Q)m for \i G A(n, r). 

Proof. Let Q G Q,(n,r). Since L e (Q) = (eL z (Q) ® z C)©((1 - e)L z (Q) ® z C), we conclude 
that G e (L £ (Q)) ^ G(Lje(Q)) ® Z C It follows from Lemma G£2] that G e (L e (Q)) ^ L Z (Q) ® z <£ = 
L E (Q). This together with the fact that V £ (Q,) is the homomorphic image of L e (Q), implies that 
G £ (V e (Q)) is the homomorphic image of L e (Q). Furthermore by Proposition 13.51 and [TT1 6.2(b)] 
we conclude that G £ (V £ (Q)) is an irreducible <S A (n, r) e -module. Therefore, G £ (V £ (Q)) = V £ (Q), 
since V £ (Q) is the unique irreducible quotient 5 A (n, r) e -module of L e (Q). □ 

We end this section with an application of the above results. Let S be an associative algebra 
over a field k and let / 7^ be any idempotent in S. If L is a finite dimensional irreducible 
5-module, then by [TTJ 6.2(b)], fL is either zero or is an irreducible /5/-module. If fL ^ 0, 
then by [17, 6.6(b)], we have 

(3.4) [V:L] = \fV:fL] 

for any finite dimensional S-module V, where [V : L] is the multiplicity of L as a composition 
factor of V. Combining Proposition 13.11 Propostion 13.61 with (|3.4p yields the following result. 

Corollary 3.7. Assume N ^ n, and let Q 1— > Q be the injective map from Qjn,r) into Q(N,r) 
given in (|3.3p . Then 

(1) [L £ (Q) : V £ (Q')] = [L e (Q) : V £ (Q')] for Q, Q' G Qfor). 

fgj [L e (Q) : F e (Q0] = for Q G Q,(iV,r) \ Qjfor) and Q' G Q.(n,r). 

4. Classification of irreducible modules for U A (n, r) £ and S A (n, r) £ 

Finite dimensional irreducible i7 e (sl n )-modules were classified by Chari-Pressley [8] in the 
case where e is a root of unity of odd order. Frenkel-Mukhin p3] extend Chari-Pressley's result 
to all roots of unity. We will use these results to classify finite dimensional irreducible Ujji, r) £ - 
modules in Theorem l4.71 Furthermore, we will use Proposition [331 Proposition 13 . 61 and Theorem 
14.71 to classify finite dimensional irreducible S A (n, r) e -modules in Theorem 14.81 Finally we will 
use Proposition 13.51 and Theorem 14.81 to generalize [171 (6.5g)] to the affine case in Proposition 

S33 
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4.1. A simple lemma. We need some preparation. First we will generalize |2H 3.3] to all roots 
of unity in Corollary 14.31 



Lemma 4.1. Let m = mo + lm\, ^ tuq ^ I — 1, mi € N. Then 

J,{t\l—t\mo—tilm\—torn\) 



m 
t 



m 
to 



mi 

h 



for ^ t ^ m, where t = t$ + lt\ with ^ to ^ I ~ 1 an d H £ N. 
Proof. Let X be an indeterminate. By the proof of |2H 3.2] we have 



(4.1) 

This gives 



m— 1 m 
j=0 t=0 



rn 
t 



} t{m-l) X t G z ^ x y 



l-l 



m +(s+l)£-l 

Yl (1 + e 2j X) = + e 2j X) = 1 + JQ-Vx 1 

j=ma+sl j=0 
for s£Z, It follows that 

m-1 mi-1 ,m +(s+l)l-l . 

[J (1 + e 2j X) = JJ ( ]"[ (1 + £ 2 J'X)J = (l + e^X'f 11 . 



3=mo s=0 

This together with ()4. 1[) shows that 

m r i 

m 



j=m +sZ 



mo— 1 



'» £ t(m- D x t = {1 + £ i(i-i) x i ri Y[ (l + e^X) 



t=0 



E 

ti=0 



mi 



mo 
*o=0 



m 
*0 



T t (m -1) x t 



E 



m 
*0 



7711 ) e i (m -l)+ti/a-l)^t 

'l 



Comparing the coefficients of X 1 in the above equality, we obtain the desired formula. 
Corollary 4.2. Let m = mo + Imi, ^ mo ^ I — 1, mi G Z. T/ien 

mi £/ /' is odd 



m 
/ 



(— l)' +m mi if I' is even 



□ 



Proof. In the case where I' is odd, the assertion follows from |2H 3.3(a)]. Now we assume I' 
is even. Then I' = 21. Since e is a primitive Z'-th root of unity, we conclude that e = — 1. 
If mi ^ 1, then by Lemma [4.11 we have [ m ] = mi£ l< - l ~ m ^ = (—l) l+m mi. If mi = then 
[7] =0, and hence [?] £ = 0. If mi < 0, then*^ = (-1)' [~ m f " 1 ] e = (-l)' +1 £^ +1 )mi = 
(_l)i+™ mi . □ 
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Corollary 4.3. Ifm,m' G Z satisfy e m = e m ' , [ r ?] e = [™'] £ , then m = ml . 

Proof. In the case where I' is odd, the assertion follows from [211 3.3(b)]. Now we assume I' is 
even. Then I' = 21. Since e m = e m ' , we have m = m'(modl'). Thus we may write m = a + si' 
and m' = a + W, where ^ a < I' and s, t G Z. By Corollary 14.21 we have 

-l)'+ m '2t if < a < I 

-l) l+m '(2t + 1) if Z < a < I' 



771 



-l)' +m 2s if0^a<Z 

and 

-l)'+ m (2s + l) if l^a<l' 



I 



Since m — m' = (s — t)l' is even we have (— l)' +m = (— l)' +m '. This together with the fact that 
[Tie = l"l L i m P nes that s = i. Consequently, m = m', as desired. □ 

4.2. Finite dimensional C/ e (s[ n )-modules. We now review the classification theorem of finite 
dimensional irreducible C/ e (s[ n )-modules. Let fP(n) be the set of (n — l)-tuple polynomials P = 
(P\(u), • • • , P n -\{u)) such that Pi(u) G C[u] and the constant term of Pi(u) is 1 for 1 ^ i ^ n— 1. 
For P G ^(n), define Pj )S G C, for 1 ^ j ^ n — 1 and s € Z, as in Ppiu) = Yls^o Pj,±sU ±s , where 
Ppiu) is defined using (I3.2j) . 

For P G !p(n) let I £ (P) be the left ideal of C/ e (sl n ) generated by (x+ s )( m ), 3 s jt s - P j}S , k,- - 
and [ k Y°] e ~~ ] £ for 1 ^ j ^ n — 1, m G N and s G Z, where /ij = degPj(u), and define 

M £ (P) = C/ £ (sl n )/7 e (P). 

Then M £ (P) has a unique irreducible quotient, denoted by V e (P). 

The following classification theorem of finite dimensional irreducible [7 e (s[ n )-modules is given 
in [SI 8.2] and [H 2.4]. 

Theorem 4.4. T/ie modules V e (P) with P G 2>(n) are all nonisomorphic finite dimensional 
irreducible U e (sl n ) -modules of type 1. 

4.3. Classification of finite dimensional irreducible U&(n, r) £ -modules. Now we are ready 
to classify finite dimensional irreducible U&(n, r) e -modules. Let P G ¥{n) and A G A + (n,r) be 
such that Aj — \+\ = degPj(u), for 1 ^ % ^ n — 1. Define 

M(P,A) = C/ A (n),,/7(P,A), 

where /(P, A) is the left ideal of U&(n) v generated by xf s , &i )S — Pi, s and kj — u a j for 1 ^ z ^ n — 1, 
s G Z and 1 ^ j ^ n. The £4(re) v -module M(P,A) has a unique irreducible quotient U&(n) v - 
module, which is denoted by L(P,A). Similarly, we define 

M £ (P,A) = C/ A (n) £ /J £ (P ) A) ) 

where I £ (P, A) is the left ideal of U A (n) £ generated by (x+ s )( m ) , &> i)S - P i)S , kj - e x > and [^°] £ - 
[ A /]e ^ or Ki^i-l,s£2,m£N and 1 ^ j ^ n. The ?7 A (n) £ -module M £ (P, A) has a unique 
irreducible quotient C/ A (n) e -module, which is denoted by V^(P,A). 
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Lemma 4.5. Let P € (P(n) and A G A + (n, r) 6e such that Aj — Aj+i = degPj(n), /or 1 ^ i ^ n— 1. 
Then V E (P, X)\ u ^ > = V £ (P) and V £ (P,X) is a U A (n,r) £ -module via the map £ ri£ given in (12. 2j) . 

Proof. By [lOj 4.7.5], Z(P, A) can be regarded as a ?7 A (n, r)„-module via the map £ r given in 
(|2.ip . For /i S A(n,r) let Z(P, A) M = [^(PjA). We choose a nonzero vector too in Z(P,A) A . 
Let Z Z (P, A) = U A (n, r) z w and Z e (P, A) = L Z (P, A) ® z C. Then 

L Z (P,X)= Z Z (P,A) M andZ £ (P,A) = Z £ (P,A) M 

/i£A(n,r) fi£A(n,r) 

where Z Z (P,A) M = ^Z £ (P,A) and Z £ (P,A) M = t M Z e (P,A). 

By the proof of [HJ 8.2] and [14, 2.5] we see that U z (sl n )wo is a free Z-module. This implies 
that Z Z (P,A) is a free Z-module, since Z Z (P,A) = U&(n) z wo = U^(sl n )wQ = U z (sl n )wQ. It 
follows that Z Z (P, A) M is a free Z-module and hence dime Z £ (P, A) M = dim,^) Z(P, A) M for /j, € 
A(n, r). In particular, dim^ Z £ (P, A) A = dim^) Z(P, A)a = 1- Therefore, Z £ (P, A) has a unique 
irreducible quotient U&(n, r) £ -module, denoted by V^'(P, A). Since V^'(P,A) is a homomorphic 
image of M e (P, A) we conclude that V £ (P, A) = t^f(P,A) is a Ujji, r) £ -module. It follows from 
([23D that V £ (P, A)!^^) is irreducible, and hence V £ (P, >)\ Ue Qy = V £ (P). □ 

Lemma 4.6. Let V be a finite dimensional irreducible U&(n,r) £ -module. Then there exist P = 
(Pi(u), . . . ,P n -i(u)) € V(n) and A € A + (n,r) with Aj — Aj+i = degPj(u), for all 1 ^ i ^ n — 1, 
suc/i toot V = K(P,A). 

Proof. According to (|2.3p . we see that V is an irreducible C/ e (s[ n )-module. It follows from 
Theorem 14.41 that there exist P € Tin) such that V = V £ (P). Thus there exist wq ^ £ V such 
that 

(x+ ) {m) w = 0, = Pi, s w , k iWo = e^w , and 

for all 1 ^ i ^ n — 1 and s £ Z, where //j = degPj(u). Since X^eA(nr) ^v w o = w o 0, there 
exists A € A(n, r) such that l A ^o / 0. 
Clearly, we have 

(x+J (m) [ A -w = 0, &>i y sl\w = Pi, s l\w , kil x w = e^'lxwo, and 

On the other hand, by (j3~Tj) we have tih = e A ^ Al+1 l A and [*7°]Ia = [ Xl ~? 1+1 ] £ h, where \ = 
Cr, e (ki) and [f ] = Cr, £ ([ k f]). This implies that k;[ A ^o = e x >~ x >+H x w and [ K f] £ hw = 
[ Xi ~ Xi+l ] £ l\wo- So by Corollary 14.31 we have A» — Aj+i = //j, for 1 ^ i ^ n — 1. This shows that 
A £ A + (n,r). Clearly, there is a surjective C4(n) £ -module homomorphism ip : M £ (P,A) — > V 
defined by sending u to uI\wq, for all u € t/ A (n) £ . Therefore, V = K(P, A), as desired. □ 



k;;0 






I 


w = 


I 



k i; 
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According to Lemma 14,51 and Lemma 14.61 we obtain the following classification theorem of 
finite dimensional irreducible U&(n, r) £ -modules. 

Theorem 4.7. The set 

{V £ (P, A) | P G «P(n), A G A+(n, r), A; - X i+1 = degP;(u) for 1 < i < n - 1} 
is a complete set of nonisomorphic finite dimensional irreducible U A (n,r) £ -modules. 

4.4. Classification of finite dimensional irreducible <S A (n, r) £ -modules. Combining 
Proposition 13.51 Proposition 13.61 with Theorem 14.71 yields the following classification theorem 
of finite dimensional irreducible S&(n, r) £ -modules. 

Theorem 4.8. The set 

{V £ (Q) | Q G Qin,r)} 
is a complete set of nonisomorphic finite dimensional irreducible S A (n, r) £ -modules. 

Proof. We choose N such that N > max{n,r}. Since N > r, by [22, 8.2] we have S A (N,r) £ = 
U&(N,r) e . It follows that V^(Q) is a homomorphic image of M e (P,A) for Q G Q(N,r), where 
Pi(u) = Qi(v i-1 u)/Qi+i(v <+1 u) for 1 < i < N - 1 and A = degQ. This implies that 

V e (Q)^V e (P,X) 

as an S A (N, r) e -module. Thus by Theorem 14.71 the set 

Oe(Q) | Q G <Z{N,r)} 

is a complete set of nonisomorphic finite dimensional irreducible S A (N, r) e -modules. This to- 
gether with [T71 6.2(g)] implies that the set {G £ (V £ (Q)) / | Q G Q(N,r)} forms a complete 
set of nonisomorphic irreducible Sjn, r) e -modules. Now the assertion follows from Proposition 
13.51 and Proposition 13.61 □ 

Remarks 4.9. (1) If e = 1, then <S> A (n, r) e is the affine Schur algebra over C. Therefore, we 
obtain a classification theorem for affine Schur algebras over C by Theorem 14.81 

(2) Assume n ^ r. Let w = • • • , w n ) G A(n, r), where Wi = 1 if 1 ^ i ^ r, and Wi = 
otherwise. Then l ro 5 A (re,r) e [ ro = % A ( r )e- According to Theorem 14.81 and [T71 6.2(g)], the set 

WQ)^0|Q£a(n,r)} 

forms a complete set of nonisomorphic finite dimensional irreducible 'H A (r) e -modules. It would 
be interesting to determine the necessary and sufficient conditions for l m V £ (Q,) to be nonzero. 

In the non root of unity case, finite dimensional irreducible modules for affine Hecke algebras of 
type A were classified in terms of multisegments (see [U [2S1 [21] ) . Finite dimensional irreducible 
modules for affine Hecke algebras of type A at roots of unity were classified in terms of the 
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aperiodic multisegments (see HI [2] ) . The classification of irreducible modules for affine Hecke 
algebras in all types were investigated in [20j 12S1 EZ] . It should be interesting to determine the 
aperiodic multisegments corresponding to ivjV £ (Q) when \ m V £ (Q) is nonzero. 

(3) Following [13, 7.2], let U z Q n ) be the 2-subalgebra of U v Q n ) generated by (xj s )( m ), k±\ 

[ k f] ' ^i,' ( X < * < n ~ X ' 1 < 3 < n, m,t G N, s G Z). Let U e Qn) = U z (gl n ) ® z C. 

Let II be the set of polynomials Q(u) G C[u] such that the constant term of Q(u) is 1. 
Let Qin)e be the set of n-tuple of polynomials (Q\(u),--- ,Q n (u)) such that Qi(u) G H and 
Qj(u)/Qj(ue 2 ) G C[u] for 1 ^ i ^ n and 1 ^ j ^ n— 1. According to |13|. 8.2], finite dimensional 
polynomial irreducible C/ £ (g[ n )-modules are indexed by the set Q,(n) £ . Let 

Qin,r) £ = I (Qx(u), ■ ■ ■ , Q n {u)) G Qjn) £ | ^ degQ;(u)=rl. 

^ l^i^n J 

Then the natural map 7 : Qfn,r) — )■ Q,(n, r) £ defined by sending (Qi(u),--- ,Q n (u)) to 
(Ql(^)|«=e> ■ ■ ' ) Qn("u) |t>=e) is bijective. Therefore, polynomial representation of U £ (gl n ) should 
be closely related to representation of 5 A (n, r) e . 

4.5. Morita equivalences of affine quantum Schur algebras. We are now ready to estab- 
lish Morita equivalences between affine quantum Schur algebras. Before proving Proposition 
14.131 we shall need some preliminary lemmas. 

Let S be an associative algebra over a field k and let / ^ be any idempotent in S. We 
define the functors J- and TL as follows: 

T : S-mod — ► fSf -mod, V 1— > fV, 

H : fSf -mod — ► S-mod, W 1 — ► Sf ® fSf W. 

Lemma 4.10. Assume J-(L) ^ for all finite dimensional irreducible S-module L. Then 
SfV = V forV G S-mod. 

Proof. Let V be a finite dimensional /S-module and let = Vt C VJ-i G • • • C Vi C Vq = V be 
the composition series of V. For ^ i ^ t — 1, there is a natural S-module homomorphism ipi : 
SfVi/SfV i+1 -»• Fi/Vi+i defined by sending x to s for x G SfVi/SfV i+1 . Since J'^/VJ+i) / 
we have Im(y?j) 7^ 0. It follows that <fi is surjective since Vi/Vi+i is irreducible. This implies that 
dim SfV = ^Q^t^dimlSfVi/SfVi+x) ^ £ <i<t-l dim (^/^+i) = dimF. Consequently, we 
conclude that S/V = V. □ 

Lemma 4.11. Assume J-(L) ^ /or a// finite dimensional irreducible S-module L. Then for 
each V G S-mod, the S-module homomorphism ay : H o T{V) — > V defined by sending x ®fw 
to xfw is an isomorphism for x G Sf and w (zV . 

Proof. We proceed by induction on i(V), where £(V) is the length of V . According to [171 (6.2f )] 
we see that ay is an isomorphism in the case where V is irreducible. Assume now that £(V) > 1. 
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Using Lemma [4. 101 we see that ay is surjective. Thus it is enough to prove that dim("Ho TiV)) = 
dimU. Let M be a maximal S-submodule of V. Then olm is an isomorphism by induction. Let 
i be the inclusion map from M to V. Since i o cxm = Qy ° (H ° .F(i)) and olm is injective we 
conclude that the map % o is injective. Thus we may regard % o F(M) as a submodule of 
HoF{V). As F/M is irreducible, we see that Ho J"(V) /Uo F(M) ^%oT{V/M) 9* V/Af. This 
together with the fact that H o J-{M) = M shows that dim(% o T{V)) = dimU. The assertion 
follows. □ 

Corollary 4.12. Assume J-(L) ^ /or a// finite dimensional irreducible S -module L. Then the 
functor T : S'-mod — > / Sf -mod is an equivalence of categories. 

Proof. According to |TTl 6. 2d] we see that ToU = l/sf-mod where l/s/_ mo d is the identity functor 
on fSf -mod. Now the assertion follows from Lemma 14.111 □ 

Combining Proposition 13.51 Theorem 14.81 with Corollary 14.121 yields the following Morita 
equivalences of affine quantum Schur algebras, which is the affine version of \17\ (6.5g)]. 

Proposition 4.13. Assume N ^ n ^ r. Then the functor G £ : S&(N, r) e -mod — > 5 A (n,r) e -mod 
is an equivalence of categories. 
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